We show that the ground state of the Bose fluid in a vessel-parallelepiped can be characterized not only by the quantum numbers
Introduction
The problem of a condensate in the Bose fluid attracts attention as before. The condensate was predicted theoretically [1] - [3] and was then discovered experimentally. Moreover, the experimental values [4, 5] agree sufficiently well with theoretical ones [3, 6] - [11] . Intensively are studied the condensates in rarefied gases in traps. But some difficulties exist also. In particular, all the calculations of the condensate possess shortcomings decreasing the accuracy of results: sometimes, a lot of fitting parameters are used [8] , or the correlation corrections are large [7, 10] ; in the most exact Monte Carlo simulations [6, 9, 11] , the interatomic potential is applied, though it is only effective at small distances and is known approximately.
In addition, we meet the difficulty, which remains usually unnoticeable. A condensate in the Bose fluid is considered as the "macroscopic number of atoms with zero momentum." However, the fluid is placed always in a vessel, and the uncertainty relation △p x △x ≥ /2 implies that the momentum of an atom cannot be zero due to the uncertainty △p x ≥ 1/2L. This point is obviously clear: the momentum is defined for translation-invariant systems, whereas the walls break the translational invariance, and the momentum of an atom is not conserved due to the collisions with walls. In addition, the momentum takes the discrete values p = 2π(j x /L x , j y /L y , j z /L z ) in the standard approach, and its uncertainty ≥ 1/2L is comparable with the distance between adjacent values. Therefore, the collection of discrete levels is transformed in a collection of bands or even in a single band. This means that the momentum is a "bad" quantum number. However, this circumstance creates no significant problem, because we can consider p as an eigenvalue of the Hamiltonian (ǫ = ( p) 2 /2m) and can use the traditional formalism. But it is possible to go along a nontraditional way with the construction of another approach to the description of the microstructure of systems. Such new approach will be considered in what follows.
Structure of a condensate for the Bose fluid in a vessel
Consider the Bose fluid in a vessel at T = 0. In the standard approach with periodic boundary conditions (BCs), the condensate n 0 = N p=0 /N is determined from the formula
where N is the total number of identical Bose particles, V is the volume of the system, ρ(r 1 , r 2 ) is the one-particle density matrix,
and Ψ 0 is the wave function of the ground state of the system. For an infinite system, we have ρ(r 1 , r 2 ) = ρ(|r 1 − r 2 |) due to the translational invariance and the isotropy. Therefore,
The presented definition of the condensate follows from the expansion
in the eigenfunctions e ipr of the momentum operator, which form the complete collection of orthonormalized basis functions of the continuous spectrum. The exponential function e ipr is an eigenfunction of the Hamiltonian and the momentum operator for a free particle in the infinite or finite closed volume. The closed ring systems are described by periodic BCs and are realized in the nature only in the one-or two-dimensional case.
Consider the finite-size systems with nonperiodic BCs. In particular, the boundary conditions for the three-dimensional systems are always nonperiodic. As was noted in [12] , the expansion for the system in a box should be performed in an eigenfunctions of this system. Work [12] gives the solution for N point Bose particles in a box-cube L × L × L characterized by an interatomic potential in the form of the δ-function. The BCs were taken to be n∇ψ = 0. It was found that all atoms are on the lowest level at a repulsive potential. At an attractive potential, the atoms are distributed over (∼ N 2/5 ) lower levels, but with the microscopic (∼ N 3/5 ) population of each level. In this case, the condensate exists in the "generalized" sense [12] : the total number of atoms on those levels turns out macroscopic.
But the real atoms are not point-like and possess a smoother potential, than the δ-function. Therefore, the wave functions may have a different structure as compared with that of the solutions in [12] . We may expect also a different solution for the condensate. We now consider such realistic system of Bose particles in the box L x × L y × L z . For simplicity, let us consider firstly the 1D case. We model the potential of a wall as a step with finite height:
Let the potentials of both walls be identical (their distinction will not lead to basic changes). The eigenfunctions of a free particle in such a box are known [14] :
Here, l = 1, 2, 3, . . ., γ x = Lx 2 mU
, and the values of arcsin are taken between 0 and π/2.
The boundary conditions involve the continuity of Ψ l (x), Ψ ′ l (x) and are more physical than the BCs n∇ψ = 0 in [12] . For great systems, γ x ≪ 1: for He 4 atoms at U = 100 K and L x = 10 cm, we have γ x ≈ 4.9 × 10 −10 . For l ≪ 1/πγ x , we obtain
Solutions (6) describe bound states with discrete spectrum. Here, we omit the solutions Ψ f (x) with continuous spectrum, which correspond to the infinite motion with E > U. The solutions for the continuous and discrete spectra are eigenfunctions of the Hermitian operator (Hamiltonian). By the theorems of quantum mechanics, these functions form the complete orthonormalized collection of basis functions, in which any function Ψ(x) with the appropriate smooth properties and given on the interval x ∈] − ∞, ∞[ can be expanded. Therefore, any solution for a free particle localized in a 1D box (5) can be written in the form
and the probability for the particle in the state Ψ(x) to have the wave number k l is equal to |b l | 2 .
Let us consider the Bose fluid in a vessel. In the presence of a vessel, the momentum is not a quite good quantum number. Therefore, we are not based on the momentum operator, while choosing the eigenvalues for the expansion of the density matrix. Then the exponents e ipxx lose the status of exceptional functions: now, we can use only the eigenfunctions of the Hamiltonian of a free particle, which are the collections of all possible linear combinations of the form ae ipxx + be −ipxx with different p x , where p x are multiple to 2π/L. Among those collections, we separate two ones: first, the exponential functions e ipxx (because they give solutions for the quasiparticles in the form of traveling waves, and the phonons in real systems are namely traveling wave packets, rather than standing waves; we call it p-representation), and, second, the sines sin (k l x + δ l ) (6) (since they take the boundary conditions into account, by ensuring the decrease of the wave functions near the boundary; we call it the k-representation). Here, the wave vectors k and p are similar to the momentum, but they are not the momentum, but a quantum numbers of the Hamiltonian. None of these collections of eigenfunctions can be called definitely the best. In our view, the exponential functions describe better the quasiparticles, whereas the sines do the ground state and the condensate.
In the p-representation, we obtain obviously the well-known results with the condensate on a level with p = 0. Of a significant interest is the k-representation based on the functions Ψ l (x) (6) . We now consider it in more details. The wave vector takes the values
with l x , l y , l z = 1, 2, 3, . . . We omit the negative components, since the wave function of a particle for them differs only by a sign (these are equivalent states). For the Bose fluid states of the discrete spectrum, the number of particles with the wave vector k is
Let us verify the correctness of the coefficient V −1 . The property of eigenfunctions
and the normalization of Ψ 0 yield
i.e., the coefficient is proper. The integral over the continuous spectrum is probably much less than 1. Let us determine N k . According to (13) , we need to integrate over the whole volume, inside and outside of the box. But we do not know the solution for Ψ 0 outside of the box. However, it is clear that this solution decreases exponentially, with the penetration distance ∼ 1Å for realistic walls. Therefore, we neglect the region outside of the box. Then, in the 3D case, we obtain
We now have ρ(r 1 , r 2 ) = ρ(r 1 − r 2 ), generally speaking. At distances from the wall much larger than the interatomic distanceR, the properties of Ψ 0 are the same [13] as those for an infinite system. Therefore, at r 1 and r 2 far from the walls and |r 1 − r 2 | ≫R, the relation ρ(r 1 , r 2 ) = ρ ∞ = const is true. With regard for it, relation (16) yields
if l x , l y , l z are odd, and N k l /N = 0, if at least one of l x , l y , l z is even. Let us consider odd l x , l y , l z . The value of N k l is large at small k l , when relations (10) hold. In this case,
Since ρ ∞ ∼ 1, we obtain the condensate N k l ∼ N for all levels with small l x , l y , l z . The sum of condensates on all levels
jx,jy,jz
(j x , j y , j z = 0, 1, 2, 3, . . .) is exactly equal to the condensate on the level p = 0 for the prepresentation. This interesting property is general. We denote V −1/2 = |r , ρ ∞ =ρ, Ψ lx (x)Ψ ly (y)Ψ lz (z) = |l and expand the function Ψ(r), equal to V −1/2 in the box and to zero outside of it, in the functions |l and the continuous-spectrum functions of a particle in the box. The latter enter the expansion with zero coefficients. Therefore, Ψ(r) = l c l |l , c l = r|l . Then, in the approximation ρ(r 1 , r 2 ) = ρ ∞ , we have
We do not use the specific form of the functions |l . Therefore, the summary condensate
is the same for any basis of eigenfunctions. This property is related to the fact that the constant ρ ∞ can be expanded in various bases. The real value of n c is somewhat less than that in (19). The condensate corresponds to the macroscopic filling of a level, but sum (19) includes also large values of j x , j y , j z , at which the filling is small. We call the level macroscopically filled, if N k > q c N. The value of q c is conditional, but the estimate q c ∼ (1−100)×N −1/3 seems reasonable. The numerical analysis indicates that, at q c = 0.001, we have n c ≈ 0.914ρ ∞ and the number of condensate levels N c = 49. At q c = 10 −6 , we obtain n c ≈ 0.994ρ ∞ and N c = 3920. Whereas n c ≈ 0.999ρ ∞ and N c ≈ 61400 at q c = 10 −8 . For great systems N 1/3 > ∼ 10 8 . In this case q c ∼ 10 −6 -10 −8 , and n c differs slightly from n c = ρ ∞ (19).
It is clear that, for the 1D and 2D cases, the properties of the condensate are analogous. For a different shape of the vessel, we need to use different basis functions at the expansion, but the summary condensate is not changed, according to (20). If we consider the realistic potential of a wall (smoother than that of a step and like the interaction potential of two helium atoms), the summary condensate is not changed as well, but, probably, will be more strongly dispersed over levels.
The additional information is given by the exact wave function Ψ 0 [13] of a system of N interacting Bose particles in a box-parallelepiped with impermeable walls (U = ∞):
where
e −ikr j , and Ψ ∞ 0 is the well-known solution [15] for Ψ 0 in the thermodynamic limit:
The components of q and q j are multiple to 2π/L. If we expand both exponential functions in (21) in a series, represent ρ k in terms of cosines and sines, and convolve them with sines from the bare product of sines in (21), we obtain the sum of products of N sines and cosines with wave vectors multiple to π/L. This yields two conclusions for particles in a box. 1) The wave vectors of interacting particles "are quantized" in the same way like those of free particles. 2) If the interatomic interaction is switched-off, Ψ 0 is reduced to a product of sines, i.e., to the solution for the ground state of N free particles, when all particles are in the condensate with k = k 1 . The structure of condensate (19) agrees with this solution: if the interaction tends to zero, the atoms from above-condensate levels "fall" on the condensate levels; if the interaction is switched-off completely, the condensate levels become empty by jump: the atoms transit to the lowest level with k = k 1 . But if the condensate is defined in the standard way (1), we cannot obtain N particles on the level with k = k 1 at the switchingoff of the interaction. In this relation, the standard definition of a condensate is worse. The condensate measured in experiment is, in fact, the quantity ρ ∞ . Notice that the composite condensate (19) belongs to the generalized condensates, which was considered in several works, but only for free particles or point-like potentials or cyclic BCs (see, f.e., the recent paper [16] ).
Let us compare the formulas for the number of above-condensate atoms, N p , in the k-and p-representations for k, p ≫ π/L. Let us expand the density matrix in a Fourier series:
For the p-representation, we use periodic BCs. Then V * = V, and q runs the values 2π(j x /L x , j y /L y , j z /L z ). Relation (1) yields
